This paper evaluates the performance of several skewed and symmetric distributions in modeling the tail behavior of daily returns and forecasting Value at Risk (VaR). First, we used 
Introduction
A primary tool for financial risk assessment is Value at Risk (VaR). It is defined as the maximum loss expected of a portfolio of assets over a certain holding period at a given confidence level (probability). Since the Basel Committee on Bank Supervision at the Bank for International Settlements requires the financial institution to meet capital requirements on the basis of VaR estimates, allowing them to use internal models for VaR calculations, this measurement has become a basic market risk management tool for financial institutions.
Despite VaR´s conceptual simplicity, its calculation could be rather complex. Many approaches have been developed to forecast VaR: non parametric approaches, e.g. Historical Simulation; semi-parametrics approaches, e.g. Extreme Value Theory and the Dynamic quantile regression CaViar model (Engle and Manganelli (2004) ); and parametric approaches e.g. Riskmetrics (J.P. Morgan (1996) ).
The parametric approach is one of the most used by financial institutions. This approach usually assumes that the asset returns follow a normal distribution. This assumption simplifies the computation of VaR considerably. However, it is inconsistent with the empirical evidence of asset returns, which finds that the distribution of asset returns is skewed, fat-tailed, and peaked around the mean (see Bollerslev (1987) ). This implies that extreme events are much more likely to occur in practice than would be predicted by the symmetric thinner-tailed normal distribution.
Furthermore, the normality assumption can produce VaR estimates that are inappropriate measures of the true risk faced by financial institutions.
Since the ST distribution has fatter tails than the normal one, this distribution has been commonly used in finance and risk management, particularly to model conditional asset returns (Bollerslev (1987) ). The empirical evidence of this distribution performance in estimating VaR is ambiguous. Some papers show that the ST distribution performs better than the normal distribution (see Abad and Benito (2013) , Orhan and Köksal (2012) and Polanski and Stoja (2010) ) while other papers report that the ST distribution overestimates the proportion of exceptions (see Angelidis et al. (2007) and Guermat and Harris (2002) ).
The ST distribution can often account well for the excess kurtosis found in common asset returns, but this distribution does not capture the skewness of the returns. Taking this into account, one direction for research in risk management involves searching for other distribution functions that capture this characteristic. The skewness Student-t distribution (SSD) of Hansen (1994) , the exponential generalized beta of the second kind (EGB2) of McDonald and Xu (1995) , the generalised error distribution (GED) of Nelson (1991) , the skewness generalised-t distribution (SGT) of Theodossiou (1998) , the skewness error generalised distribution (SGED) of Theodossiou (2001) and the inverse hyperbolic sign (IHS) of Johnson (1949) Zhang and Cheng (2005) , Haas (2009) , Ausín and Galeano (2007) , Xu and Wirjanto (2010) and Kuester et al. (2006) . Chen et al. (2012) compared the ability to forecast the VaR of a normal, ST, SSD and GED. In this comparison the SSD and GED distributions provide the best results. Polanski and Stoja (2010) compared the normal, ST, SGT and EGB2 distributions and found that just the latter two distributions provide accurate VaR estimates. Bali and Theodossiou (2008) compared a normal distribution with the SGT distribution and showed that the SGT provided a more accurate VaR estimate.
In this paper we carry out a comprehensive comparison of the skewed distributions aforementioned: SSD, SGT, SGED and IHS. Besides, in this comparison we include both the normal and the ST distribution. The comparative is performed following two directions. First, we compare the distributions in statistical terms to determine which is the best for fitting financial returns. Then, we compare the distributions in terms of VaR, in order to select which is best for forecasting VaR.
The main differences with the previous literature are as follows: (1) we consider a larger number of skewed distributions; (2) the comparison in statistical terms is made using a large battery of tests: Likelihood ratio, Chi-square (Chi2) of Pearson (1900) and Kolmogorov-Smirnov (KS) test (Kolmogorov (1933 ), Smirnov (1939 and Massey (1951) ); the papers aforementioned only used the likelihood ratio test; 3) to carry out the comparison in terms of VaR we evaluate the results on the basis of two criteria: (i) the accuracy of VaR and (ii) the minimization of two loss functions which reflect the concerns of the financial regulator and the firm (Sarma et al. (2003) ).
In the next section, we present the methodology used to estimate the VaR and summarize the statistical tests and the loss functions that we have used to evaluate the VaR estimates. In section 3, we present the data. The results of the comparison in statistical terms and in terms of VaR are presented in sections 4 and 5 respectively. The last section includes the main conclusions.
Methodology
According to Jorion (2001) , VaR measure is defined as the worst expected loss over a given horizon under normal market conditions at a given level of confidence. The VaR is thus a conditional quantile of the asset return distribution. Let , where t µ represents the conditional mean, which we assume is zero, ˆt σ sigma is the conditional standard deviation and k α denotes the corresponding quantile of the distribution of the standardized returns at a given confidence level 1-α . Kupiec (1995) shows that the unconditional coverage test has as a null hypothesisα α
with a likelihood ratio statistic ( 
which follows an asymptotic N (0,1) distribution. The conditional coverage test (Christoffersen (1998) Additionally, we evaluate the magnitude of the losses experienced. The model that minimizes the total loss is preferred to the other models. For this purpose, we have considered two 1 In case of the skewed distributions the k α value is a function of the skewness and kurtosis parameters.
2 The EGARCH models have been estimated below a ST distribution. loss functions: the regulator loss function and the firm's loss function. Lopez (1998 Lopez ( , 1999 proposed a loss function, which reflects the utility function of a regulator. In this specification, the magnitude loss function assigns a quadratic specification when the observed portfolio losses exceed the VaR estimate. Thus, we penalize only when an exception occurs according to the following quadratic specification: 
β being the opportunity cost of capital.
Data
The data consist of closing daily returns on nine composite indexes from 1/1/2000 to 11/30/2012 (around 3250 observations). The indexes are: Japanese Nikkei, Hong Kong Hang Seng, Israeli Tel Aviv (100), Argentine Merval, US S&P 500 and Dow Jones, UK FTSE100, the French CAC40 and the Spanish IBEX-35. The data were extracted from the Bloomberg database.
The computation of the indexes returns (r t ) is based on the formula, r t =ln(I t )-ln(I t-1 ) where I t is the value of the stock market index for period t. Figure 1 shows the daily returns and Table 2 provides basic descriptive statistics of the data. For each index, the unconditional mean of daily return is very close to zero. The unconditional standard deviation is especially high for Merval (2.14). For the rest of stock index returns the standard deviation moves between 1.27 Dow Jones and 1.63 Hang Seng. Going back to Figure 1 , we can see that the range fluctuation of the returns is not constant, which means that the variance of these returns changes over time.
In order to gain some intuition, we adopt the volatility measure proposed by Franses and van Dijk (2000) , wherein the volatility of returns is defined as:
where 1 t Ω -is the information set at time t-1. A similar increase is observed in all indexes. In the last two years of the sample, we observe a period that is more stable than during the financial crisis.
The skewness statistic is negative and significant for all the indexes considered except in the case of the CAC40 and the IBEX35. This means that the distribution of those returns is skewed to the left. When considering the CAC40 and the IBEX35 the skewness statistic is positive, implying that these distributions are skewed to the right but but jonly in the case of IBEX35 this statistic is statistically significant at 1% level.
For all the indexes considered, the excess kurtosis statistic is very large and significant at 1% level implying that the distributions of those returns have much thicker tails than the normal distribution. Similarly, the Jarque-Bera statistic is statistically significant rejecting the assumption of normality. These results are in line with those obtained by Bollerslev (1987) , Bali and Theodossiou (2007) , and , among others. All of them find evidence that the empirical distribution of the financial return is asymmetric and exhibits a significantly excess of kurtosis (fat tails and peakness).
In order to capture the non-normal characteristics observed in our data set, we fit several skewed distributions: SGT, SGED, SSD and IHS. In this comparison we also include the normal and symmetric ST distributions. In Table 3 we present the estimated parameters of these distributions. This Table provides the estimates for the mean (µ) and the standard deviation (σ) of log-returns and its standard errors in brackets. As expected, these estimates are quite similar across distributions and do not differ much from the simple arithmetic means and standard deviations of log-returns presented in Table 2 . The unconditional mean is close to zero for all the indexes and the unconditional standard deviation moves around 1.5 (in percentage) except Merval (2.14). As expected from the previous analysis, the Merval index is the most volatile index.
The skewness parameter λ, for all indexes considered is negative and significant at the 1% level, which means that the distributions of these returns are skewed to the left. This result is in opposition to the preliminary evidence that suggested a symmetric distribution for CAC40 and a skewed distribution to the right for IBEX35.
On the other hand, the kurtosis parameters η and κ, in the case of SGT, the parameter κ controls mainly the peakness of the distribution around the mode, while the parameter η controls mainly the tails of the distribution (adjusting the tails to the extreme values). The parameter η has the degrees of freedom interpretation as in ST. For all the series and all distributions considered, the kurtosis parameters are highly significant. For the SGT, the value of κ is around 1.5, except for Nikkei and Tel Aviv which are 1.89 and 1.78 respectively. The value of η is around 4.5 for Nikkei, Merval, DJ, FTSE and CAC40. For the rest of the indexes it is a little bit higher. These estimates are quite different from those of the normal distribution (κ = 2 and η = ∞), which indicates that this set of returns is characterized by excess kurtosis.
Comparison of the distributions in statistical terms
In this section we want to answer the following question: Which distribution is the best one for fitting asset returns?
The above results provide strong support to the hypothesis that stock returns are not normal. As the normal distribution is nested within the SGT, SGED and SSD distributions we can use the log-likelihood ratio for testing the null hypothesis of normality against that of SGT, SGED or SSD. For all the indexes considered, this statistic is quite large and statistically significant at the 1% level, providing evidence against the normality hypothesis (see Table 4 ). Additional evidence against the normality hypothesis can be found in Figure 3 where we present the histogram and the density functions of several skewed distributions for the Nikkei index. We can see that all of these distributions provide a better fit than the normal ones 4 .
To evaluate which is the most adequate, we perform several kinds of tests. First, as the SGT nets all the distributions considered in this paper (except IHS), we use the likelihood ratio test to evaluate which distribution is best for fitting the data 5 . Overall, for all the indexes considered, the likelihood statistics indicate rejection of the SGED, the SSD, and the ST in favour of the SGT (see Table 4 ). As the IHS is not nested in the SGT distribution, we cannot conclude that the SGT distribution is the best. So, to ensure the robustness of the results several alternative tests have been used: Chi2 and KS tests. Unlike the likelihood ratio test used to compare two distributions, the Chi2 and the KS tests are used to examine if the asset returns' empirical distribution follows a particular theoretical distribution. The theoretical distributions we have considered are: normal, ST, SGT, SSD, SGED and IHS. The Chi2 statistic (see Table 4 ) suggests that the empirical distributions of the returns considered in this paper can be adequately characterized using two of the distributions we have considered: SGT and IHS. Both distributions seem to fit the data well in 8 of the 9 indexes considered. For the Hang Seng, Tel Aviv and S&P 500 indexes, the SGED distribution cannot be refused either. On the other hand, the ST and the normal distributions do not fit any index. The KS test provides similar results (see Table 4 ). According to this test, the empirical distribution of all the indexes considered (except Nikkei) follows a SGT distribution.
The IHS fits the data well in only five of the indexes (Merval, CAC40, IBEX35, Tel Aviv and Nikkei). According to this test, the SSD distribution fits the data well in four of the considered indexes (Merval, CAC40, IBEX35 and FTSIE) and the SGED distribution fits the data well in four indexes (Nikkei, Merval, IBEX35 and Hang Seng). The ST distribution only fits well in three of the nine indexes while the normal distribution does not do well in any index.
Taking into account the results described in this section, we can conclude that the symmetric distributions (normal and ST) do not fit financial returns well. This is in line with the previous results shown in the above sections. Among the set of skewed distributions considered in this paper, the SGT distribution seems to be the best in fitting the data, followed closely by the IHS distribution.
Evaluating the performance in terms of VaR
In this section we compare the normal, the ST and the skewed distributions in terms of
VaR. The comparison is carried out evaluating (i) the accuracy of the VaR estimates and (ii) the losses that VaR produces. For each distribution, we use parametric approaches to forecast the VaR out-of-the-sample one-step-ahead at 1% and 0.25% confidence level. The analysis period runs from the first of January 2008 to the end of December 2009. We choose this period because it is characterized by a high volatility all over the world so that it is known in financial literature as the Financial Global Crisis period. In Figure 1 , we highlight in black the period analyzed.
Back Testing
The results of the accuracy test are presented in Tables 5 and 6 . In Table 5 we show the results of the accuracy test at 1% confidence level and In the analyzed period the VaR estimates obtained under a normal distribution are very poor. For almost all the indexes considered, the parametric approach under a normal distribution underestimates risk at the 1% and 0.25% confidence levels. This result does not depend on the volatility model we have used to forecast the VaR, EGARCH or MME (Riskmetrics).
At the 1% confidence level, the VaR estimate provided by the skewed distributions and the ST distribution is quite accurate. At this confidence level, the SGT and the HIS perform well in eight of the nine indexes considered, only failing in the IBEX35. The ST, the SSD and the SGED distributions provide accurate VaR estimates in seven of the 9 cases considered. At the 0.25% confidence level, all the skewed distributions provide accurate VaR estimates in eight of the nine indexes considered, except the IHS that fails in two cases. At this confidence level, the ST distribution performs well in five of the nine indexes considered: Nikkei, S&P500, DJ, CAC40 and IBEX35. In the case of Merval, Hang Seng and Tel Aviv, this distributions overestimate risk.
Then, at the higher confidence level the evidence in favor of the skewed distributions related to the ST one is more obvious.
Loss Functions
In this section we evaluate the VaR estimate in terms of the regulator loss function (Table   7 ) and the firm's loss function (Table 8 ). The results in Table 7 have been multiplied by 1000
given the small value obtained. The data marked in bold type represents the minimum value for this function in each case.
From the regulator loss function (see Table 7 ), we find that the parametric approach under a normal distribution joined to Riskmetrics provide the highest losses while the ST distribution provides the lowest losses followed by the IHS and the SGT distributions. Among the skewed distributions, the SSD gives the worst outcome in all cases. According to this result, we can conclude that from the point of view of the regulator the best distribution is the ST, as this distribution is the most conservative.
The problem associated with the regulator loss function is that this function does not take into account the firms' opportunity cost. So that one model that overestimates the risk, as the ST distribution does in three of the cases, may be considered the most appropriate. Taking this into account we calculate the losses from a firm´s point of view.
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In terms of the firm's loss function (see Table 8 ), the normal distribution provides the lowest losses while the ST distribution shows the highest losses. This result is coherent since it is well known that the normal distribution underestimates risk providing the lowest capital opportunity cost. Since the ST distribution tends to overestimate risk, the capital opportunity cost with this distribution is the highest. The magnitudes of losses obtained by all the skewed distribution are very similar. In terms of this loss function, the best skewed distribution is the SSD.
This distribution obtains the lowest losses in seven of the nine cases. The SGT distribution, although it is not the best, works out well giving lower losses than the ST does.
On the whole, following this selection process in two stages, where first we ensure that the distributions provide accurate VaR estimate and then focusing in the firm's loss function, we can conclude that the skewed and fat tail distributions outperformed the normal and the ST distribution. From a point of view of the regulator, the superiority of the skewed distributions related to the ST is not so clear.
Conclusion
This paper evaluates the performance of several skewed and symmetric distributions in modeling the tail behavior of daily returns and in forecasting VaR. The skewed distributions considered are: (i) the skewed Student-t distribution of Hansen (1994) ; (ii) the skewed error generalised distribution of Theodossiou (2001); (iii) the skewed generalised-t distribution of Theodossiou (1998) and (iv) the inverse hyperbolic sign of Johnson (1949) . The symmetric distributions are the normal and the Student-t ones.
For this study we have used daily returns on nine composite indexes: the Japanese Nikkei, From the results presented in the paper, we can conclude that the skewness and fat tail distributions outperform the normal one in fitting financial returns and forecasting VaR. Among all the skewed distributions considered in this paper, the skewed generalised-t distribution of Theodossiou (1998) is the best one in fitting data. However, in terms of their ability to forecast the VaR, we do not find significant differences as all of them provide accurate VaR estimates for a high number of indexes and produce similar losses.
Finally, we find evidence in favor of the skewed distributions compared to the ST distribution. In statistical terms, most of them fit the data better than the ST. In terms of value at risk, the accuracy VaR test indicates that the skewed distributions outperform the ST. On the other hand, with regards to the loss function, the result depends on the kind of function we use to measure the losses. From a point of view of the regulator, ST distribution is the best in forecasting
VaR as this distribution provides the more conservative VaR estimate. However, from the point of view of the firm, the skewed distributions outperform the ST distribution, since the latter distribution tends to raise the firm´s capital cost. As companies are free to choose the VaR model they use to forecast VaR, it is clear that they will prefer the skewed distributions. SGT of Theodossiou (1998) Note: Parameter estimates of the Normal, SGT, SGED, SSD, IHS and ST. S.E. denotes standard errors (in parentheses). Nine stock market returns in the period 1/1/2000-11/30/2012. µ, σ, λ and η are the estimated mean, standard deviation, skewness parameter, and tail-tickness parameter; к represents the peakness parameter. An * ( ** ) denotes significance at the 5% (1%) level. 
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